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Ordinary Differential Equations (ODEs)

Initial value problem:
dz(t)

Solution:
(tl) = Z t() + f

Q. f(w(t)7t7 6)7

x(tg) is given; z(t1) = ?

z(t),t,0) dt
/Example: A
Z—f =2t; £(0) =2; z(1) = ?
= z(1) = 2(0) + [, 2t dt
= z(0) + (t*],=; — t*[:)
=2+12 — 02
. =3 J
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Ordinary Differential Equations (ODEs)

Initial value problem:

dccciit) — f(w(t)7t7 H), iE(to) 1S given; w(tl) = 7

Solution: p
z(tr) = a(to) +{f,! f(o(t),t,0) d P e D
l\\ Z—‘f =2zt ; z(0) =3
& What if this cannot be = [ 2A do = [tdt

. , 5
analytically integrated: N %log:c _ %tz .

= z(t) = ce’’
z(0)=3=c=2
Sox(t) = 26

= z(1) = 5.436 D
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Ordinary Differential Equations (ODEs)

Initial value problem:

Solution:

Vikram Voleti

dfz(tt) = f(z(t),t,0); z(to) is given; z(t1) = 7
z(t1) = z(to) -I-f z(t),t,0) dt
Approximations to j; ) t 0) dt

i.e. Numerical Integratlon :

e Euler method
e Runge-Kutta methods
[ ]

\

~
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Ordinary Differential Equations (ODEs)

Initial value problem:

DO — f(a(t),t,0); @(to) is given; @(t:) = ?

Solution:
z(ty) = z(tg) +f f(z(t),t,0) dt

4 _ ~
1st-order Runge-Kutta / Euler’s method: 1 True z(t)
T(tnis)--. numerical
tn+1 — tn + [ =e=e==s===s=s > Step size h, ///solutlon
z(tnt1) = z(tn) + hf(x(t,),t,) - » Update using derivative f ) 2(tns1).
)l hf(@(tn), ta)
>1
tn tnt1 2
k https://guide.freecodecamp.org/mathematics/differential-e uations/eulers—method//
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Ordinary Differential Equations (ODEs)

Initial value problem:

DO — f(a(t),t,0); @(to) is given; @(t:) = ?

Solution:
z(ty) = z(tg) +f f(z(t),t,0) dt

1st-order Runge-Kutta / Euler’s method:
th1 =1, + h

/Example :

% = f(=, t) =2zt; z(0) =3; z(1) = 7
(Solution: z(t) = 2¢*’; (1) -

h =0.25

z(0.25) = z(0) + 0.25 * f(z(0),0)
=3+0.25%(2%3%0)
=3

2(0.5) = £(0.25) + 0.25 * £((0.25), 0.25)
=3+ 0.25 % (2 x 3 % 0.25)
= 3.375

z(0.75) = x(0.5) + 0.25 = f(x(0.5),0.5)
— 3.375 + 0.25 * (2 * 3.375 % 0.5)
= 4.21875

z(1) = z(0.75) + 0.25 % f(x(0.75),0.75)

o

— 4.21875 + 0.25 (2 x 4.21875 x 0.75)

/
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Ordinary Differential Equations (ODEs)

Initial value problem:
da:(t)

Solution:
z(ty) = z(tg) +f f(z(t),t,0) dt

1st-order Runge-Kutta / Euler’s method:
th1 =1, + h

= f(z(t),t,0); z(to)isgiven; z(t1) = ? e

Step size matters!

Exact and Approximate Solution, h varies

. | . | . . |
0.5 1 1:5 2 2.5 3 3.5 4
Time (S)

https://Ipsa.swarthmore.edu/NumlInt/NumIntFirst.html
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Ordinary Differential Equations (ODEs)

Initial value problem:

DO — f(a(t),t,0); @(to) is given; @(t:) = ?

Solution:
z(ty) = z(tg) +f f(z(t),t,0) dt

4th-order Runge-Kutta method:

thy1 =1t + h
= f(z(tn), t )
— (m( ) 81 t, + ) - — = =p Default ODE solver used in MATLAB:
’ https://blogs.mathworks.com/loren/2015/09/23/o
— (w( ) 82, t + ) de-solver-selection-in-matlab/

= f(x(t,) + hss, t, + h)
z(thi1) = x(t,) + %(31 + 289 + 283 + 84)
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Ordinary Differential Equations (ODEs)

Initial value problem:

DO — f(a(t),t,0); @(to) is given; @(t:) = ?

Solution:
z(ty) = z(tg) +f f(z(t),t,0) dt

|

(t:) = ODESolve( f(x(t), ,0), z(to), to, t1 )|

' I- - - Finaltime

L m - - [Initial time
__________ + |nitial value

e e e e e e e e e e e = » Differential

e e e e e e - - - + Any ODE solver of our choice!
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Ordinary Differential Equations (ODEs)

Initial value problem:

da:l(tt) — («'L'(t),t, 0); CU(t()) 1S given; w(tl) = ?

Solution:
z(t1) = ODESolve( f(z(t),t,0), xz(ty), to, t1)

3.00 1 | N s — B 2B AL 11l
’ N o kA 11!
I\I VoL VAN NNNNNNNSST T T
s 7
S i
X s

Fundamental Theorem of ODEs Wil g

2254 1)

2.001 A7)

t)

Geometrically, z(t) is a flow! |7

1254 ;0 /0 7

1.00 A

0.0 02 0.4 ¢ 0.6 08 10
K http://faculty.bard.edu/belk/math213/InitialValueProblems.pdf https://openreview.net/pdf?id=B1e9Y2NYVS /
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1. Ordinary Differential Equations

2. Neural ODEs

3. Continuous Normalizing Flows
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Neural ODEs (Chen et al., NeurIPS 2018)

Initial value problem:

da:l(tt) — (w(t)7t, 0); x(t()) 1S given; CL'(tl) = ?

Solution:
z(t1) = ODESolve( f(z(t),t,0), xz(ty), to, t1)

{ f is a neural network! 1

Paradigm shift: whereas earlier f was pre-defined/hand-designed according to the domain,
here we would like to estimate an f that suits our objective.

https://arxiv.org/pdf/1806.07366.pdf
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Neural ODEs (Chen et al., 2018)

ODEs
dx(t)
dt — f(X(t), t’ 0)
Vector \ Euler discretization
notation «_

A Xpt1 = Xp T h f(x'natn79)

https://arxiv.org/pdf/1806.07366.pdf

Residual
networks

x;11 = ResBlock(x;, 0)
X1+1 = Xq Jf g(x1,0)

~» Skip connection

https://arxiv.org/pdf/1512.03385.pdf
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Neural ODEs (Chen et al., 2018)

ODEs

2O — f(x(t),t,0)

\ Euler discretization

Xpt1 = Xp T h f(x'natn79)

Forward propagation:

x(t1) = ODESolve( f(x(),t,6), x(to), to, t1 )

oL .- How to compute this?
L(x(t)) — % -

Update Btoreduce L

https://arxiv.org/pdf/1806.07366.pdf

Residual
networks

x;+1 = ResBlock(x;, 0)
X4l = X T g9(x1,0)

~» Skip connection

Y prea = ResNet(x)
\
™ Stacked ResBlocks

Update 6to reduce L

https://arxiv.org/pdf/1512.03385.pdf
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Neural ODEs (Chen et al., 2018)

ODEs Back-propagate through the

ODE Solver!

dx(t)

& — J(x(t),1,0)

\ Euler discretization

High memory cost -

need to save all activations of all
iterations of ODESolve.

Xpt1 = Xp T h f(xnatnae)

Forward propagation:

x(t1) = ODESolve( f(x(t),t,0), x(to), ¢

{ Can we do better? 1

L(x(t1)) —|%

Update Btoreduce L

Yes.

https://arxiv.org/pdf/1806.07366.pdf
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Neural ODEs (Chen et al., 2018)

[L(ODESolve( f(x(),t,0), x(to), to, t1)) — a_L]

00

Adjoint method (Pontryagin et al., 1962)

Forward propagation: x(¢;) = ODESolve( f(x(t),t,0), x(t0), to, t1) = a(t;) = aa(lg )
x(t

? ?
. 4
/‘ ,/
/ Y
oLl _ pto [/ \T Of(x(?),t,0)
% = Jy —a(t) 90 dt

https://arxiv.org/pdf/1806.07366.pdf
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Neural ODEs (Chen et al., 2018)

[L(ODESolve( f(x(),t,0), x(to), to, t1)) — a_L]

00

Adjoint method (Pontryagin et al., 1962)

.. 0L . da __ T 0f(x(¢), ¢, 0)
adjoint a(t) = 2= ; = = —a(t) e
Forward propagation: x(¢;) = ODESolve( f(x(t),t,0), x(t0), to, t1) = a(t;) = 8:(3({;)

1
Back-propagation: z(to) = ODESolve( f(x(t),t,0) , x(t1), t1, to)
oL T 0f(x(1),,0) oL
= a(to) = oxc(to) = ODESolve(—a(t) o ' x(tr) t1, to)

oL _ ot T 0f(x(t),t,0) ,, af(x(t), t, 0)

30l = t10 —a(t) 50 dt = ODESOIVG(—a(t)TT, O.|9| , t1, to)
https://arxiv.org/pdf/1806.07366.pdf Initial value is O
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Neural ODEs (Chen et al., 2018)

Forward propagation:
x(t1) = ODESolve( f(x(t),t,6), x(to0), to, t1 )

Compute L(x(t1))-
a(ty) = 83?51)

Back-propagation:

x(to) f(x(t),t,0) x(t1)

oL 0f(x(t), t, )
ox() | = ODESolve (| —a(t)" = , 6;’51) , t1, to)
oL of(x(t),t, 0

56 ~a(t)T L0 Op)

Update Btoreduce L

https://arxiv.org/pdf/1806.07366.pdf
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Neural ODEs (Chen et al., 2018)

https://arxiv.org/pdf/1806.07366.pdf

X(to) f(X(t), ta 0) X(tl)

Neural ODE

https://openreview.net/pdf?id=B1e9Y2NYvS

Neural ODEs describe a homeomorphism (flow).
e They preserve dimensionality.

e Theyform non-intersecting trajectories.
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Neural ODEs (Chen et al., 2018)

f(x(t),t,6)

Neural ODE

x(to) x(t1)

X(to )#f(}{(t), ta 0)/LX(t1)

Neural ODEs are reversible models!
Just integrate forward/backward in time.
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1. Ordinary Differential Equations
2. Neural ODEs

3. Continuous Normalizing Flows
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Continuous Normalizing Flows

Target distribution Noise distribution
. g(x(t),1
Xim fo(x(t),1) Z
; Neural ODE !
(such as l" ' \
real image manifold)
’ . . . . - AN >
Sample from Likelihood estimation Sample from
target distribution <--"" using Change of Variables formula “~=-» noise distribution

(such as an image) (such as Gaussian)

z = g(x) = logp(x) = logp(z) + log | det 2= |

Train f to maximize the likelihood of the samples from target distribution log p(x)

https://arxiv.org/abs/1810.01367
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Continuous Normalizing Flows

“FFJORD”

(Free-Form Jacobian Of Reversible Dynamics)

Target distribution Noise distribution
X’Lm :
," Neural ODE '\
(such as "
real image manifold)
’ / . . . . - AN >
Sample from Likelihood estimation Sample from
target distribution <--"" using Change of Variables formula “~=-» noise distribution
(such as an image) (such as Gaussian)
<l

Generate samples

Sample from the noise distribution, transform it into a sample from the target distribution
https://arxiv.org/abs/1810.01367 using the trained Neural ODE.
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Continuous Normalizing Flows

FFJORD (cLr2019)

Change of variables: ; Initial value lxim]
d :
log p(xim) — log p(2) = log det | 7|
Instantaneous change of variables: [ Z ] /tl fo(x(t),1) 4
dlogp(x(t)) Ofy log p(Xim ) — logp(z) | t, | —Tr ( Ot )
= —Tr ox(t)
ot 0x(t)
/I—Iutchinson’s trace estimator: \

logp(z(t1)) = logp(a(to)) — / T (ors ) a

= logp(z(ty)) — /t:l Ep(e) |:6T ai{t) e] dt

t1 8
= log p(z(to)) — Ep(e) l/ el 0 edt]
https:/arxiv.org/abs/1810.01367 to
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Continuous Normalizing Flows

FFJORD (icLrR2019)

Change of variables:

dfy

log p(xim) — logp(z) = log det | 75|

Instantaneous change of variables:

dlogp(x(t)) of,
i (ax(i)>

Initial value: [xg"}

Z t
= 0
log p(xim ) — log p(z) ] /to [ —Tr ( 0x{i)

fo(x(t), 1)

)

]dt

CIFAR10 ImageNet64
BPD Time BPD Time
3.40 | >=5days - -

https://arxiv.org/abs/1810.01367
Vikram Voleti

How to Train your
Neural ODE (icML 2020)

Introduces 2 regularization terms:
1) Kinetic energy of flow
2) Jacobian norm of flow

K(6) = / 17 x(0),1,0)]12 dt

t1
B(6) = / 1TV, £(x(8), £,0)[2 dt

CIFAR10 ImageNet64
BPD Time BPD Time
3.38 31.84 3.83 64.1

https://arxiv.org/abs/2002.02798

Continuous Normalizing Flows

Introduces temporal regularization:

T
x(t1) = x(to) + fo(x(t),t)dt

to

= ODESO]VC(X(to), fg, to, T)

T ~ Uniform(t; — b,¢t; + b)

b<ti —tp
CIFAR10 ImageNet64
BPD Time BPD Time
3.39 | 2224 - -

https://arxiv.org/abs/2006.10711
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3. Image Generation

FFJORD (icLrR2019)

pa(ty))

i
(

4

p(z(to))

CIFAR10 ImageNet64
BPD Time BPD Time
3.40 | >=5days

https://arxiv.org/abs/1810.01367
Vikram Voleti

How to Train your
Neural ODE (icML 2020)

/V\/J /VN

CIFAR10 ImageNet64
BPD Time BPD Time
3.38 31.84 3.83 64.1

https://arxiv.org/abs/2002.02798

CIFAR10 ImageNet64
BPD Time BPD Time
3.39 | 2224

https://arxiv.org/abs/2006.10711
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Thank you!
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